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Capitolul 1

IDENTITATI INTR-UN TRIUNGHI

Aceste identitdii sunt de o mare importanid. Ele pot fi de folos fo rezolvarea unor
probleme de geometrie si trigonometrie din manualele scolare si pregétiri elevilor
pentru performantd matematica.

1.1. identitati intr-un triunghi

Aplicatii

S3 se demonstreze urmtoarele relatii:
D Sab= p2 +r +4Rr;

2) Zaz = 2(p2 —r? —4Rr);

3) 56 =2plp?-3r2 —6Rr);

2 2 j
4) Y sin AsinB:-‘D—ir— ;—41@1’ ;
4R
2 AR 42 .

5) Y cosAcosB = 4

]

4R?

B+
6 COSA = ;
) ¢ R
. ) p
T YsinA==—;
)28 R

COSA 102—4}?7'—1”2 B Y a? )

8‘ . b
' ¢ 4Rrp 8Rrp
2 2 "
-B +4R“+2Rr+r”
9) ZCOSZA -7 : rer”,
2 4R
2 5 2
~B _8R°—2Rr—r" -
lo)Zsin2A _8 r2r P
4R
2 2R+ 2Rr+r?
11) Scos(A-B)=L — rar”,



i2
) Z 8Rr

13) Ztg% =202R-r);
14) SctgActg B=1;

272

16y a)y 11 sin»/i =
2 4R
P

b) Meosa =L,
2

R
A-B TI(a-b)
- 16R%r
A"E"__{)2+2Rr+r2
2 3R2

17) I1sin

18) Tl cos

19) ng :%(a2+b2+62);

—25—1;
b+c— 2 r

203 ¥

2pr
21 GCosA= ;
) Z ]

2 _4Rr—r? - 4R? .
4R?
23) T1{a-b) = 4r2(=p* +200Rr + 282 — 12y p? — 4R + 1)1

22) cosAcosBcosC = 4

24)‘8— HUE +tg £=4'R-Lr;
2 p
25) Mg A= .
3
. 2pr
26) Ysin2A=

yii
2 2 A
27) Ta” = Sla-b)’ + 45Tig =
2

2pr

28) Vg A = ;
p? ~4Rr—r? —4R?




k)

29) Setg 2= 2
2 r

e —r2 ~4Rr _ Zaz _
2ip 4rp

30) Setg A = L

S

31) Ilsin 4 =——
ZR*

3

Pz—V2—4Rr

32) TigAtg B = :
p*—A4Rr-r? —4R*

2 —4Rr-r? —4R*

?

33) Mctg A= £

2pr
34) (4mymym, ) = p® +(33r2 —12Rr)p4 —(33r4 +60R*r> ~120Rr3)p2 -
\
— (r2 + 4Rr)3 ;
35) 3abc—Y a*(b+c—a)=4S(R-2r);

COSZCOS= 2 L 16R:+8Rr+r2

36) > :
2 4Rp

COS—
2

(4
37) Ztgg-tgfi:}-_M

2 %
38) Zthi“_'thy_B_:l_ler;
2 2 e
2 2
s Tg . g By PURGT 1R,
2 72 > >
L \2
40)Ztgsé-tg5£=1+20Rr<4f*”) _ZOIZQF;
2 ° 2 e P
2]
an v :_(“_R%f)__z ;
2y
3
3A _(4R+r) 12R.
) Tt S =
¢ p p
4
+A . 16R(4R+r) (4R+r)
43)Ztg3—-2— 3 + 7 .

P p



Solutii

1) Consideram identitatea:

(x-a)x-b)=x"—Yax’ + Yabx - abe, (VYx e Iy;

Pentru x = p vom obtine:

P -a)p-b)p—-c)=-p + pYab - 4Rrp, iar din formula lui Heron:
2

§% = p(p - a)(p - b)(p - ¢) rezulta: SR PP+ pTab- 4Rrp .
P
Hfeciudnd calculele, in final vom objine: Y ab= p + 12 ARy

]

) @ =(Saf ~25ab=4p? ~20p? + 2 +4Re )= 2p? - % —arr).

3) In egalitatea de la afirmatia 1), pundnd x =a, x = b, x = ¢, prin Insumare, obti-
nem: Za = 2p2a +2p>ab—3abc=0.

Rezulta:

Za3 :2])(Za2 -}:ab+6Rr)= 2p(2p2 22 ~8Rr—p -r —4Rr+6R1) sau
sa*=2plp? =32 ~6Rr).

4) Rezulta din teorema sinusurilor si afirmatia 1),

5) Xcos(A+ B)=3cos AcosB—Y sin AsinB.

Rezultd: Y cosAcosB=Ysin AsinB -3 cosA.

2 2 2 2 2 2
I ca?+b*+c% =247 a +b” +¢ 1 a
Dar Ycos A== — =
z 22 bc 2 Zbc Z:bc

pZa2 Za3 _ 2;9(,02 . —A4Rr}~ ZPLD2 32 FGRr)_ 2r* +2Rr _R+r

4Rrp  4Rwvp 4Rrp 2Rr R
Utilizénd st afirmatia 4) rezulti:

2 2 2 2 2
“ - R +r°~4R
ScosAcos B=L— 1 j4R’ P 5 )
4R r 4R
7) Rezulta din teorema sinusurilor.
2 2 2 2 2
: 1 -r -4
8) Avem: ZCOSAZZb tettat zazzu.
a 2abc 8pRr 4Rr
— +costA - [ . . )

9) Zcos2 A7B=21 : coséA B):%“Fl(ZCOSACOSB+ZSIHASIHB):
__?i+l( p2+r2+4Rr PP 4t +4Rr 12Rz+2p2+2r2+4Rr-4R2 N

2 EL 4R? 4R* 4R*

_p AR 1 2Rr 412
4R
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Y

2A-B 5 Sl A-B 8% —2Rr-r® - p*
4R?

. -B
1() > sin , unde Zc032 A3

rezultd din afirmatia 9).

2 AR+ 17 p2 +r2+4Rr

11 Zgox\A B) ZcosAcosB*ZsmAsmB— 3 + 5 ~ =
42 4R
_p2+2R2+2Rr+r2
2R?
2,24 2 2,2 2 2,2
)y m,[ 2’2{‘}) +¢ ) a :Zb +ct—a +Zb et
bc 4bc 4bc 4bc
bccos A b2 +c?
= + :— cosA+ —+—=
22 2bc 2 4bc Z Z\c )
r T 9 st
:_1_R+r 1 a+b+c) Jr1+1} 3 :2r R+p(ab bc+m)=
2 R 4[ b ¢ 4R 2abc
_2r—R+p +r“+4Rr_p2+5r2+2Rr
4R SRr 8Rr '
. A Salp-b)\p- 1 1
1) Stgleya =y =r alp z(p C)=—{a[p2—~(b+c)p+bc]}:
2 p—a p—-d pr S
=§[2 P’ —2p(p2 +r? +4Rr)+12Rrp]=?.(2R— r).
1) Setp A ctg B T — = 28A_
tgAtgB IlgA
Dar din afirmatiile 28) si 33) rezul(a cerinta.
) 2.2
- A -5 2
IS)Ztg—/}th:Z "’ :r2(3p 2}’)P:r1’; -1
272 “(p-blp-a) s ¥
—aXo— _c)
16)Hsin£:(p ap=blp-c)_ r
2 abc 4R
17) HsinA_B:H sinécosﬁ—sinﬁcosé]=
2 2 2 2)

‘p ¢ Fﬂ;_j p;am]

PS_tifa-b)=—L5—Ti(a-b)=—15-Tlla-b)=
{abc)” 16R2S5? 16Rr
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v

& ¢ Y 3
18) Tcos 4 B:Hcos f‘»ﬁﬁznl coaécos£+sin—4sin£ {=
2 2) 272 2 )

L/

[ fip rjp b) L p-c H u(zilp b}) nﬂpvuiip bin2p B
c ab

52 H(2p~c)_H(2p~c)_8p 8p >ab- abc
P4RS 4RS  16R?p 16R?p

__2_2[}?2*‘-"24'4!?!“”) 4Rrp p +2Rr+1?
16R2p 8R?

Salp-blp-c) 15ap®—{b+c)prbe
20) L‘ _lz a _1 ¥ (; b( c)\:__ua{p {!)ﬁ,c)}ﬂ-b ]-___
btc-a 27 p-a 2(p-a)fp- b)(p-—c) 2 54
P
p{Zp —LpZab+3abc] U\4Rb 2i‘§) ?p(_R—r) 2R—~r_2_i€;>_l
252 252 2pr r r
2 _ 2 2,2 2_ < 4
21) YawsA— { 4% —g ) 2> a%h Za 1}:a b- ~.a
2abc 2abc 2abc
_4(zab) ~2abcy al- (L T (p2+r +4Rr}*16R3p2—(pz—r —4Rrp)_
2abc 2Rrp
_ 4p2r(r+4-R)—16Rr;72 _2pr
2Rrp R’
2,2 2 9,2
22 ZcosAcosBcosC:H@ ;Ca 7“ ):H(xz ;az '):
8a“bc” sa“bc
X ~1,Za X2 + ¥ a’b’x-8a2p2c?

Sa“b?.‘2

8(0 -r ~4Rr)3 +8(p2 —r? —4Rr)[(p2 e —4Rr}2 —4abcpJ—8a2b2c2

8a2b2c? .
8p2 -7 4Rr)‘:(p2 2 aref —(p2 2 aref —4abcp]—8(1 b2t
) 8a*h?c? )
=§(£2 —4Rr 4] +4Rr)p? ~16Rrp?]-8a22%>

8a2b2 2
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8(;2—:2 ARPp 2+ 4R - sue; §16R*r* p* 8( 2_)2_4Rr)-32R° )

8-16R*r? p* 32R?

_ p2 —y?_4Rr-4R?

B 32R? '

23) T{a- b)Y =4r*-p* +2(10Rr +2R? - rz)pz —r(4R+r).

Consideram identitatea:

I {Y} = (.x - a}(x - b)(x - c)z X3 - 2px+ (p?‘ Pt éi-Rr;ir ~4Rp,(M)xe R
Deoarece: f(0) = x-bx-o)+ r—a)x—c) + (x - ay(x - bj,

notam: (}::p2+r2+4Ri‘, A:(a—b)z( _L\IQ(C—G)Z :—J‘"'(a)f‘(b)f'(c)"

Rezulti: A = ~ (3¢’ — dap + O) (3b" — 4bp + Q) (3t —4ep + o).

Notam: x, = 3a° — 4ap; x» = 3 — dap; x; = 3¢ — 4ap.

Deci: A = — (00 + x)(00 + %) (004 x3) = — O + (41 + Xz + X3)0 —

— (X% + X1 X3 + X3X)00 — X1 X2X3 + X + X2 + X3 =

=3+ b+ ) —dpla+b+c)=6(p°~r —4Rr) -

= 2p? — 67 — 24Rr + xpx; + X3 + x1%3 = 234 — dap)(3b* - 4bp) =
=954’ h? - 12pE(a’h + ab®) + 16p°Labc.

Dar: Z(aLb +ab®) = Labla + b)=Xab(2p - ¢) = 2pXab - 3abc =

=2p(p° + ¥ +4Rr)— 12Rrp = 2p(pt +r +4Rr—ORyr) = 2p(p* + " = 2Rr.

Dar: Lab’ = (Sab)” - 16Rp,

Txx, = 9(p° + #* + 4Rr)* - 144Rrp” - 24}72@2 + 77— 2Rr)+ ]L6p2(p2 + 77 +4Rr) =

= 9(p? + F* + 4Rr)? + 8p*(2p* + 2 + 8Rr = 3p* = 31" + 6Rr — 18Rr) =

=O(pt + 77+ 4RP? + 8pH(= pt = P —ARr) = (p* + r +4Rr) (p* + 97" + 36Rr);

Xixax3 = —abe(dp — 3a)(4p — 3b)(dp - 3c) =

= _ 4Rrp[64p° — 6p - 16p° + 36p(p” + 1’ + 4Rr) =27 - 4Rrp] =

= _ARrp[=32p° + 36p(p” + r + 4Rry — 108Rrp].

Rezulti: A= —(p° + P AR + (2pT + 6 + 24Rp + ¥+ 4Rr)’ -
(7 + 97 + 36RN(p" + 17 +4Rr)* + 16Rp*(p* + 91" + ORr) =

= (7 + 7+ 4RP(=p’ — P —4Rr + 2p" + 6r" + 24Rr — P =97 - 36Rr) =
= (4P — 16RA)(p” + 1 + 4Rr)’ + 16RmD’ (" + 97" + 9R»).
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Notam'p® =) A =)4r[4Ru{u +974 ORr) — (r + 4R)(u + 1’ + 4Rr)Y =
= 4r[4Ru* + (36RF + 36R*Fu — (r + 4Ry — (r+4Ryu - (21 + 8Rr) -
= (r+ AR)(F + L6R* + 8RF) = dr[—i® + 2(10Rr + 2R* — Pyu — r(r + 4RY"} =

=4r-p* + 2(10Rr + 28° - )p? — H(4R + Py

k) an2 4.2 R D o 3
24)Ztgj‘4=>: r =r2(p a)p b)zap 4pﬁ t2ab_—p +r *Ir-4."'t'1+p _
& p

~a 52 S Ay
P
r4R+r) 4R+ r
T
3 3
A r ¥ r
25) TItg~ = — =—_="
2 p-afp-b)p-c) s2 p
P
T o g 2pr . 2pr
26) Din identitatea 21) rezulta: > acosA= 2 sau Y 2Rsin AcosAz?—
1
N T . 2pr
echivaientd cu ¥ sin 2,A:—9- .
R2
_ 2
27) Relatia se mai scrie sub forma: Z{g—gz@%—s——zi. Folosind punctele 1)
s1 2) va rezuita: Ztgé}:f@j—r— , adicd afirmatia 24).
~ P
~sinAd 1 a 1 2abc i
ZCOSA 2R Tcos A ZRZbQ-Fcz p sz +el g2
_45};(a3+02--bzxa%bz--czj_ S¥la’ -@*-c??
H[bz +c? _azJ 2(!2[J2C‘ZCOSACOSBCOSC
SN 2 _2 -y 4 4
=22V 2T o ad seama e 21) 5i 22), vom obtine:
32R*Scos Acos BeosC
2.2
TrgA=— pr i 2pr

2R*Scos Acos BeosC p? —dRr—r? —4R>
. B

| Teswes

2 2 p

A
29) thg—z* =2
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